An excitation model for TM-mode cylindrical cavities driven by a modulated electron beam with application in transit-time microwave tubes is developed. It is shown that the slowly time varying amplitude of the selfsustained oscillations is described by a reduced form of the classical van der Pol equation, from which expressions for the starting current and saturation amplitude are readily derived.
I. INTRODUCTION
With emphasis on compactness and ease of use, much interest has been devoted to microwave generators that do not require an external magnetic field so as to reduce cost, size and weight of the device. Because of its inherent simplicity, one such device is the monotron [1] [2] [3] [4] , which is a self-excited oscillator consisting of an electron beam that transits across a resonant cavity, which plays the part of an ordinary RLC oscillating tank circuit. The monotron lumped equivalent circuit can be thought of as consisting of a physical tuned circuit connected to a resistor of negative resistance. For transit times near (N+1/4)T, where N is an integer and T the oscillation period, electron bunches are formed and upon reaching the cavity's end plate in a decelerating phase of the rf field the bunches transfer energy to the cavity. In the classical monotron configuration [1] [2] [3] , dc beam power is converted into rf field power, at a maximal 20 percent conversion efficiency. The relation between current and voltage is set by the beam conductance, which is always non linear, so that for one amplitude will there be a given ratio between current and voltage. From the equation of motion of the beam electrons interacting with the rf fields, such relation-the electronic beam nonlinear conductance G b = I(V)/V-is found by expanding the conversion efficiency up to the tenth power of the rf voltage amplitude. Then using G b in the energy balance equation (relating the rf power losses in the cavity and the microwave power radiated by the electron beam) we arrive at the van der Pol's equation, just describing the non linear growth and the stationary generation of the electromagnetic mode operating in the cavity driven by the externally injected beam. It is shown that the analytic expressions for the self-excitation condition and for the saturation of the wave growth found on the basis of a 1-D circuit model are in excellent agreement with a full scale 2-D particle-in-cell simulation.
. 
II. CAVITY EXCITATION
Consider a circular cavity driven by a modulated rectilinear electron beam streaming parallel to the cavity's axis, with the interaction space being defined by the region enclosed by a circular cylinder of radius a and length d (Fig.1) . In traversing the cavity the beam excites a resonance mode whose electric field )) exp( (~t i V ω induces a voltage across the gap. To describe the process of excitation of the electric field and its time evolution toward saturation we use the energy conservation equation
where the power P flowing into the cavity is balanced by the time rate of stored energy plus the rate of dissipation of energy into the losses, as denoted by the cavity intrinsic Q factor. For circular TM 0n modes, the stored energy is 
Substituting Eqs. (3) and (2) in Eq. (1) gives the RC circuit-like equation 
Noting that the conversion efficiency for a single 
It is also seen in Fig. 2 
The above result obtained so far refers to an infinitesimally thin beam, with no variation of the electric field in the radial direction. To account for the beam thickness and its location inside the cavity, a multiplicative term should be incorporated on the righthand side of (19), namely, the beam shape factor which less than unit, includes the inner ) ( 1 r and outer ) ( 2 r beam radii, and the cavity radius a. Then inserting
into (4) we get the cavity excitation equation 
Upon specification of the beam parameters and cavity properties, Eq. (15) turns out to be a very useful design equation as it determines the saturation rf voltage across the gap for a given electron beam with specified thickness and position in the cavity 
III. SIMULATION RESULTS
To verify the validity of Eq. (15), which anticipates the temporal development of the electric field at any point inside the beam, we perform a PIC simulation using the electromagnetic code KARAT [6] . The physical system is run on a spatial grid of square cells 0.5 mm size with over 5000 macroparticles representing the beam electrons. The simulation configuration is shown in Fig. 3 where a cavity of length d=1.0 cm and radius a=4.0 cm is excited by a 9.5 keV hollow electron beam with inner and outer radii of 2.7 cm and 2.9 cm. To assure that the rf voltage saturates at the optimum value of V/V 0 =3.6 according to 2-D simulation studies [4] , we take a closed cavity with an assigned electrical conductivity of 7.1x10 5 S/m to produce Ohmic losses corresponding to a Q factor of 1080 and a shunt resistance R=50.58 kΩ. At I 0 =40A, simulation and 1-D analytical prediction are compared in Fig. 4 , where the slowlyvarying amplitude anticipated by Eq. (15) well matches the peaks of the high-frequency oscillations. 
